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Optical feedback cavity ring-down spectroscopy (OF-CRDS) using a continuous wave distributed feedback
diode laser at 1650 nm has been used to measure extinction of light by samples of monodisperse spherical
aerosol particles <1 µm in diameter. The OF-CRDS method allows measurements of low levels of extinction
of incident light to be made at repetition rates of 1 kHz or greater. A statistical model is proposed to describe
the linear relationship between the extinction coefficient (R) and its variance (Var(R)). Application of this
model to experimental measurements of Var(R) for a range of R values typically below ∼1 × 10-6 cm-1

allows extinction cross-sections for the aerosol particles to be obtained without need for knowledge of the
particle number density. Samples of polystyrene spheres with diameters of 400, 500, 600, and 700 nm were
used to test the model by comparing extinction cross-sections determined from the experiment with the
predictions of Mie theory calculations. Fitting of ring-down decay traces exhibiting amplitude noise to extract
cavity ring-down times introduces additional quadratic and higher order polynomial dependencies of the variance
that become significant for larger particle number densities and thus extinction coefficients (typically for R
> 1 × 10-6 cm-1 under our experimental conditions). Aggregation of particles at larger number densities is
suggested as a further source of variance in the measurements. Extinction cross-sections are severely
underestimated if the measurements are made too rapidly to sample uncorrelated distributions of particle
numbers and positions.

1. Introduction

Atmospheric aerosols arise from both natural sources, such
as volcanic dust and mineral salts, and anthropogenic activity,
including burning of biomass and fossil fuels.1 Aerosol particles
in the atmosphere affect the Earth’s radiation budget both
directly, by scattering or absorption of sunlight, and indirectly,
by acting as cloud condensation nuclei. Unlike long-lived
greenhouse gases such as CO2 and CH4, which have radiative
forcing (RF) values determined to high precision (+2.63 [(0.26]
W m-2),1 the effects of aerosols on radiation budgets are still
poorly quantified. According to the Fourth Assessment of the
Intergovernmental Panel on Climate Change (IPCC),1 total direct
aerosol RF amounts to -0.5 [(0.4] W m-2, with a medium-
to-low level of scientific understanding, and the RF caused by
cloud albedo is -0.7 [-1.1, +0.4] W m-2, with a low level of
scientific understanding. The effect of cloud albedo is the key
uncertainty in evaluating the RF of the Earth’s climate. The
optical properties of atmospheric aerosols must therefore be
subjected to further detailed scrutiny to enable accurate predic-
tions of their effects on the Earth’s radiation budget.

Since its initial demonstration,2 cavity ring-down spectroscopy
(CRDS) has developed into a widely used technique to measure
absolute optical extinctions, particularly at very low levels where
traditional spectroscopic techniques fail. The methods and
applications of CRDS have been extensively reviewed by
various authors.3-10 Light from a laser source is injected into a
high-finesse optical cavity constructed from two or more mirrors

of very high reflectivities. In a stable cavity, the light is reflected
back and forth many thousands of times between the mirrors,
giving a long effective path length over which weak extinction
losses can be measured. The extinction losses caused by
scattering and absorption from a sample confined within the
cavity can be deduced from the rate of exponential decay of
light intensity leaking from the cavity through the mirrors. The
ring-down time (τ) is defined as the time interval in which the
intensity of light decreases by a factor of 1/e and is the reciprocal
of the rate coefficient (k) for the exponential decay. To date,
CRDS has found greatest application in the study of gaseous
samples3-10 but has recently been increasingly applied to the
study of aerosols,11-30 sometimes in conjunction with other
techniques such as nephelometry.18,22 Various aerosol types have
been studied, ranging from nonabsorbing (e.g., water,23 inorganic
salts,14,24,25 polystyrene beads16,26,27) to absorbing samples (e.g.,
soot,21 organic aerosols24,25). Mixed composition aerosols have
also been investigated to test mixing rules for extinction
properties.28

CRDS of aerosols measures the total extinction by the sample
of particles contained within the optical cavity; this extinction
is the sum of scattering and absorption losses. Various strategies
have been developed to separate the contributions from the real
and complex parts of the refractive indices of the particles,
including measurement of extinction efficiencies (Qext) for
various size parameters x ) 2πr/λ and comparison with Mie
scattering calculations.25,28-30 The measured extinction depends
on the number of particles within the volume of the intracavity
laser beam, and the statistics of spatial distributions of aerosol
particles have been discussed by Larsen.31 Fluctuations in the
number of particles within the beam result in rapid changes in
the measured extinction and become more pronounced at low
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particle number densities. Such fluctuations are negligible for
most studies of gaseous samples (e.g., for detection of 10 pptv
of a trace atmospheric constituent in ambient air, ∼107

molecules will be within the intracavity laser volume) but can
have significant impact on the precision of aerosol extinction
measurements by CRDS because there might only be 100-1000
particles on average within the probe volume. Pettersson et al.16

quantified this effect by examining the Poisson statistics of the
number of aerosol particles sampled by their CRDS measure-
ments and derived a relationship between the extinction coef-
ficient, R, and its standard deviation, σR

Here n is the aerosol number density, V is the effective laser
beam volume in the ring-down cavity, R is the repetition rate
at which measurements are made, and t is the time over which
data are accumulated. Rmin is the limiting extinction coefficient
determined by noise inherent in the experimental apparatus in
the absence of the aerosol sample. The standard deviations of
extinction coefficient measurements were determined for a range
of particle sizes and number densities, and the data were well
described by eq 1, but quantitative agreement required use of a
value for V that was a factor of 5 smaller than that expected for
a Gaussian TEM00 mode within the cavity.

Bulatov et al.24 adopted a similar statistical approach to
analyze the variations in extinction for a variety of size-selected
aerosol particles. They noted that relative fluctuations in the
extinction coefficient vary reciprocally with the square root of
the number of particles (N) in the system

Values of N were separately determined by a condensation
particle counter, and plots of R/σR against �N were observed
to be linear but with gradients that depended on the sample
type (composition and refractive index). Similar discrepancies
were noted, however, to those of Pettersson et al.16 in the
determined values of V. Possible reasons for these discrepancies
will be discussed later in this paper.

Many implementations of CRDS, including most of the above
examples, used pulsed laser sources and thus have the associated
disadvantage that the data acquisition rate is limited by the
repetition rate of the laser. CRDS with continuous wave (CW)
diode lasers enables higher measurement rates, typically up to
∼200 Hz.32 Strawa et al. were the first to apply CW laser CRDS
to the study of aerosols.15 The recent development of optical
feedback cavity ring-down spectroscopy (OF-CRDS) by Mor-
ville et al.33 now enables kHz measurement rates and has the
further advantage that it requires a low-cost distributed feedback
(DFB) diode laser. In OF experiments, a fraction of light leaking
from the optical cavity is returned to the laser. This feedback
light locks the frequency of the laser to a cavity mode and
narrows the laser bandwidth, thus enhancing the efficiency of
coupling of laser light into the high-finesse cavity. Romanini
and co-workers used OF-CRDS and related methods to measure
absorption by a variety of trace atmospheric gases.33,34,34-36 We
previously demonstrated the use of OF-CRDS to measure
extinction by individual, micrometer-sized aerosol particles and
demonstrated that the scattering of light depends on the radial
and axial positions of the particle within the laser beam.26,27

The method is potentially well suited for the study of ensembles
of aerosol particles of low number density if the fast data
acquisition rate allows rapid accumulation of statistical informa-
tion on fluctuations in extinction caused by variation of the small
number of particles in the probe laser volume.

In this paper, we demonstrate the use of OF-CRDS to measure
extinction by samples of monodisperse, spherical aerosol
particles with diameters less than 1 µm. The OF-CRDS setup
and experimental technique are briefly described, and a modified
statistical model is presented, which can be used to extract the
extinction cross-sections of individual particles without prior
knowledge of the particle number density, a key difference from
prior studies. Conditions under which the measurements are
reliable are examined using computational simulations. The
quantitative retrieval of aerosol particle optical properties is then
tested by comparing experimentally determined extinction cross-
sections with calculations using Mie theory. The consequences
of variance in the measured extinction arising from other
sources, including a distribution of particle sizes, and the fits
to ring-down decay data are also examined.

2. Experimental Section

Figure 1 shows a schematic diagram of the experimental setup
used for OF-CRDS measurements. The apparatus is similar to
that described previously for study of single aerosol particles,26

and only a brief description is given here. A CW DFB diode
laser operating at 1650 nm was used as the light source, and
the optical cavity consisted of three plano-concave mirrors
(1 m radius of curvature, reflectivity R ) 0.99988 at 1650 nm)
arranged in a V shape. The two cavity arms were initially 30
cm long, giving a free spectral range (FSR) of 250 MHz. In
later experiments, reconstruction of the cavity resulted in arm
lengths of 31.5 cm. The angle between the two cavity arms
was 11°. The cavity was housed within a box that was sealed
apart from entry and exit ports for flow of aerosol particles; the
exit port flow passed through a filter to the surrounding
atmosphere. Light from the laser was injected into the ring-
down cavity via the central (input) mirror, and the laser switched
on and off at a rate of 1.25 kHz using a square-wave voltage
pulse to the laser driver. When the laser turned on, its frequency
underwent a chirp that swept through several free spectral ranges
(FSRs) of the ring-down cavity. As the chirp rate slowed toward
the end of each pulse, light build-up in the cavity caused
feedback and locking of the laser to a cavity mode frequency.
Ring-down events were recorded at the end of each pulse, when
the laser operating current was switched below threshold.

σR ) � R2

nVRt
+ Rmin

2 (1)

R
σR

) √NV (2)

Figure 1. Schematic diagram of the experimental setup for the OF-
CRDS study of the optical properties of aerosols: DFB ) distributed
feedback diode laser.
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Excitation of TEM00 modes of the cavity, but not higher order
transverse modes, was ensured by careful alignment of the
injected laser beam and cavity mirrors, together with monitoring
of the pattern of intensity transmitted by the cavity as the laser
frequency was scanned.

The advantage of using a V-shaped cavity33,34 is that the initial
reflection of the incoming laser beam from the input mirror is
deflected away from the return path to the laser, so only light
circulating in the cavity and thus in resonance with a cavity
mode returns to the laser and causes optical feedback. The
feedback rate was controlled by manual positioning of a
continuously variable neutral density filter (Thorlabs, optical
density 0.04-2.0). As cavity losses increased (because of
extinction by intracavity samples), the position of the neutral
density filter was adjusted, as necessary, from its setting for an
empty cavity to reduce attenuation and thus maintain stable
feedback between the cavity and diode laser.

Optimal optical feedback requires fine control of the phases
of the light incident on the cavity and the light returning to the
laser. Successive cavity modes (odd and even) alternatively
present a node and an antinode at the input mirror and result in
slightly different reflectivity and losses. Therefore, in order to
have the same optical feedback phase for all modes, the
laser-cavity distance was set to an odd multiple of the cavity
arm length.34 In our case, the laser-cavity distance was first
manually adjusted to approximately 90 cm (later 94.5 cm) then
finely adjusted using a delay line, which consisted of a prism
mounted on a piezoelectric transducer (PZT). The PZT mount
was controlled by a feedback circuit, which sent an error signal
when the OF phase was above or below the optimal point. A
photodiode detected the light escaping through the output mirror.
The photodiode signals were digitized by a data acquisition card
(Gage CS1450, 14-bit, 50 MS/s) and then analyzed by a custom
written LABVIEW program using a fast Fourier transform (FFT)
fitting procedure for the exponential ring-down decays.37

A dilute suspension of polystyrene spheres (PSS, Duke
Scientific Corp.) in distilled water was nebulized, with a backing
pressure of ∼0.3 bar above atmospheric pressure. Since PSS
particles are nonabsorbing at 1650 nm, they provide a good
scattering model. The generated aerosols were flowed through
a Nafion dryer (PD-100T-12MSS, Perma Pure) to remove
moisture before entering the chamber. At the exit, a HEPA filter
was used to remove all aerosol particles. Several background
ring-down times were taken with an empty cavity, and then the
chamber was subjected to a continuous flow of aerosol particles
for about 30 min until equilibrium was reached, at which point
the flow was terminated. Measurements of ring-down times and
corresponding standard deviations were then taken periodically
as the particles settled by gravitation. Ring-down times increased
with decreasing particle concentration, and measurements were
taken until the ring-down returned to close to the background
value. In some cases, an alternative approach was used in which
measurements were made as the aerosol particles were intro-
duced to the chamber. The aerosol particles occupied all parts
of the chamber, and thus the entire region between the cavity
mirrors, but they did not need to be uniformly distributed for
the purposes of the measurements. As our results will demon-
strate, no mechanical stirring of the particles was required.

Typical background ring-down times were ∼8.0 µs with a
standard deviation of 0.03 µs for averaging of 500 events at an
accumulation rate of 1.25 kHz, which gave a value of Rmin )
1.5 × 10-8 cm-1 (or 9.5 × 10-9 cm-1 Hz-1/2) for the minimum
detectable extinction coefficient. This value is taken to represent
the baseline noise level and is too large for observation of the

scattering by single particles of diameters <1 µm (although use
of a visible rather than near-IR laser would permit extension of
such studies to smaller particle sizes). For each of the sets of
500 measurements, acquired in 0.4 s, the average extinction
coefficient, 〈R〉 , and its variance, Var(R), were determined. The
development of the methods of data analysis considers total
extinction and is thus not specific only to either scattering or
absorption losses.

3. Theory

Before presenting the results of the measurements of 〈R〉 and
Var(R), we develop a model linking the two properties that is
based on the Poisson statistics of fluctuating numbers of particles
within the volume of the TEM00 mode of the optical cavity.
This model was tested using computer simulations that dem-
onstrate clearly the circumstances under which the method can
be successfully applied.

3.A. Statistical Model for the Fluctuations in the Mea-
sured Extinction. 3.A.1. Statistical Variation of the Number
of Particles in the IntracaWity Laser Beam. In the following
analysis, we treat the intracavity laser beam as being cylindrical
along each arm of the V-shaped cavity. The partial focusing of
the beam within the cavity is discussed in section 3.A.3. We
previously showed that the variances of the extinction for a uniform
intensity cylindrical beam of radius r0 and a cylindrical beam with
Gaussian power profile described by a beam radius w, defined such
that the radial (r-dependent) profile is I(r) ) I(r ) 0)
exp(-2r2/w2), are the same provided the choice r0 ) w is made
for the former case.26 The analysis thus focuses initially on the
simpler case of a uniform cylindrical beam. Modifications to
incorporate a Gaussian beam profile are then discussed. In what
follows, we use Lcav and L to denote, respectively, the total length
of the optical cavity and the length of one arm of the symmetric
V-shaped cavity (such that Lcav ) 2L).

In the V-shaped cavity employed in our experiments, the
central mirror has a curved reflective surface and we therefore
evaluate properties of the TEM00 cavity mode such as its radius
and volume by treating it as two separate cavities of length L
instead of a single cavity of length 2L. This approach is borne
out by the measurements of the beam waist in the center of one
cavity arm reported previously;26 the value obtained is better
matched by consideration of two 30 cm long cavities than by
calculations for a single cavity of length 60 cm in which the
additional focusing by the central mirror is not taken into
account.

We define the volume occupied by a cavity mode as V )
2πr0

2L, where, as indicated above, the chosen value of r0 will
be determined by w for a TEM00 cavity mode. Each particle
within the cavity mode volume experiences an intensity i that,
for a uniform beam, is independent of its position

In eq 3, Iz is the total power of the beam at a distance z along
the central axis of the cavity. For a uniform cylindrical beam,
there is no z dependence to the power and we write Iz ) I. The
subtle effects on measured extinction caused by the longitudinal
standing-wave structure of the light inside a cavity excited by
a CW laser were considered in detail by Miller and Orr-Ewing27

and are discussed in section 3.A.4.
The average extinction coefficient of an ensemble of particles

in the volume of the laser beam is equal to the average of the

i(r, z) )
Iz

πr2
(3)
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sum of the extinction coefficients of the N individual particles

where σj is the extinction cross-section of the jth particle (and
for equivalent particles σj ) σ), ij is the light intensity
experienced by that particle, and l is the distance within the
cavity over which the aerosol sample extends. The number
density of aerosol particles is denoted by n (n ) N/V). The
extinction coefficient is defined by R ) ε/l, where ε denotes
the extinction per pass through the cavity.

The fluctuations in the number of particles in the beam at
any one time can be described using Poisson statistics, with
the mean and variance given by N. From eq 4, the variance in
the extinction coefficient can be derived as

If the distribution of particles is (macroscopically) uniform over
the entire beam cavity length, l ) Lcav ) 2L and

which also applies for a cylindrical beam with Gaussian power
profile if we take V ) 2πw2L.26 The total variance in the
experimental measurements of R is the sum of the variances
that are introduced by various contributing factors that include
the statistical fluctuation in the number density of particles
within the laser beam volume and the inherent noise associated
with the experimental setup. The latter contribution could arise
from mechanical instabilities, detector noise, or shot noise.
Variance in R also derives from the size distribution of particles
but, as is shown below, is small enough to be considered
negligible for the manufactured PSS particles used in this
investigation. In a preliminary analysis of the size-distribution
effects, we erroneously attributed a contribution to Var(R) that
was quadratic in 〈R〉 .38 Taking into account the above factors,
but with neglect of particle size distribution effects, we can write

where Rmin is the minimum detectable extinction coefficient,
determined by the inherent noise in the system as described
above. A plot of Var(R) against 〈R〉 should therefore give a
straight line with gradient equal to σ/V. Such an analysis requires
data from measurements of 〈R〉 recorded at different particle
densities and under conditions where Poisson statistics apply,
but the number densities do not need to be known in order to
determine σ.

3.A.2. Effects of a Distribution of Particle Sizes. If the
sample of spherical particles is not monodisperse, the distribu-
tion of the sizes will contribute to the measured variance of the
extinction coefficient. The extinction cross-section is related to
the geometric cross-section (σgeom ) π(d/2)2) of the particles
of diameter d by σ ) Qextσgeom, where Qext is the size-dependent
extinction efficiency. Over a small size range centered on a mean
diameter d0, we can approximate Qext as being a linear function

of d

where q is a constant and Q0 ) Qext(d0) is the extinction
efficiency for the mean diameter particles. We obtain the
contribution to the variance in the extinction coefficient from a
distribution of particle diameters with variance Var(d) to be

with the subscript d emphasizing that this is just one contribution
to the total variance. This term can be evaluated for specified
distributions of particle sizes and incorporated into models for
analysis of the experimentally measured variance of the extinc-
tion coefficient. For representative nearly monodisperse poly-
styrene spheres employed in our experiments with d0 ) 707
nm and Var(d) ) 75 nm2 and estimates of the values of q and
Q0 from Mie scattering calculations, the contribution to the total
variance in R from the size distribution is found to be negligible:
evaluation of eq 9 for these particles with a mean extinction
〈R〉 ) 1 × 10-6 cm-1 and Q0 ) 0.76 and q ) 0.0031 nm-1 at
λ ) 1650 nm results in Vard(R) ) 2.8 × 10-17 cm-2. Over the
range of particle sizes used in our experiments, the approxima-
tion of linear variation of Qext with d is confirmed by Mie
scattering calculations. The value of Vard(R) is a factor of ∼200
smaller than the variance caused by fluctuations of the number
of particles within the volume of the TEM00 mode and can thus
be discounted. A size range of (150 nm about d0 is necessary
for the value of Vard(R) to match that from the particle number
fluctuations. Size selection using a differential mobility analyzer
(DMA) prior to the types of experiment described here is thus
a practical option for measurements of extinction of naturally
occurring aerosol particles with a broad distribution of diameters.

3.A.3. Volume of the TEM00 CaWity Mode. Within a linear
optical cavity, excitation of a TEM00 mode results in a
cylindrically symmetric Gaussian distribution of intracavity light,
i(r,z), at any axial position z that is given by

Here I is the total power of the intracavity beam and wz is the
beam radius at a particular z value. The beam radius is defined
as the distance from the center at which the intracavity field
has decayed to 1/e of its maximum value and is a minimum
(w0) at the beam waist, which, for a symmetrical optical
resonator, lies at the center of the cavity. The beam, of
wavelength λ, diverges from the beam waist with dependence39

If, as discussed earlier, we treat our V-shaped cavity as a pair
of linear cavities, each of length L, and neglect the effects of
the very small overlap of the beams in the two cavity arms in
the vicinity of the central mirror, the volume of the mode lying
within a radius wz is

〈R〉 ) 〈 ∑
j)1

N (σjij

Il )〉 ) 2L
l

nσ (4)

Var(R) ) (2Lσ
Vl )2

N ) 2σ2nL

πr0
2l2

(5)

Var(R) ) σ
V

〈R〉 (6)

Var(R) ) σ
V

〈R〉 + Rmin
2 (7)

Qext(d) ) Qext(d0) + (d - d0)q (8)

Vard(R) ) 〈R〉( π
4VQ0

)(qd0 + 2Q0)
2Var(d) (9)

i(r, z) ) 2I

πwz
2
exp(-2

r2

wz
2) (10)

wz ) w0�1 + ( zλ
πw0

2)2
(11)
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This expression differs by the second term from the value we
have so far used for the cavity mode volume, V ) 2πw0

2L, which
neglects the z dependence of wz. For the parameters described
in section 2, w0 ) 0.433 mm and eq 12 gives Vtot ) 0.374 cm3.
The volume obtained without inclusion of the second term in
eq 12 is V ) 0.354 cm3, which is 5% smaller. The correct value
of Vtot can, in principle, be used to compute the theoretical
expectation of the gradient of plots of the form of eq 7 in place
of the approximate use of V ) 2πw0

2L. We note, however, that
eq 7 was derived with the approximation of a purely cylindrical
beam (i.e., the beam waist is constant along the cavity length).
In the case of the optical cavity used in our experiments, the
Gaussian beam radius at the two cavity end mirrors is calculated
to be 0.470 mm and thus differs by only 8% from the beam
waist in the center of each arm, suggesting that the approxima-
tion of a purely cylindrical beam is robust.

Scattering of the light from the TEM00 mode might, in
principle, couple intracavity intensity into higher order transverse
modes of the cavity and thus not constitute a cavity loss. These
higher order modes are, in general, not resonant with the TEM00

mode however, and Doppler shifts induced in the scattered light
frequencies by motions of the particles are estimated to be less
than 1 MHz (i.e., smaller than the laser band width and much
less than the cavity free spectral range of ∼250 MHz). Although
the light is mostly scattered in the forward direction, for the
small particles studied here, the probability of light being
sufficiently forward scattered to be retained within the ring-
down cavity is estimated to be negligibly small. We thus
discount the possibility of systematic errors resulting from
excitation of higher order modes by intracavity light scattering.

3.A.4. Longitudinal CaWity Mode Structure. Excitation of
a TEM00 cavity mode establishes a standing wave between the
two cavity end mirrors with nodes and antinodes along each
arm of the V-shaped cavity. Miller and Orr-Ewing27 demon-
strated that the extinctions caused by particles depend on their
positions relative to the standing wave structure of the cavity
mode, with the effects being most pronounced for particles with
diameters (dp) comparable to the wavelength (λ) of the light
within the cavity (and thus size parameters xp ≈ 1 (xp ) πdp/
λ). A phase parameter �(z0) was introduced to quantify the ratio
of extinction efficiencies, Qext, for a particle in a standing wave
in an optical cavity and for regular Mie scattering of an incident
traveling plane wave by the same particle. Here, z0 is the phase
of the standing wave with respect to the center of the particle,
with z0 ) 0 and λ/4, respectively, denoting a particle centered
on an extremum or a node. The dependence of measured
extinction coefficients on z0 will add variance to data sets that
is not amenable to straightforward analytical quantification but
may be significant in a regime such as occurs in our experiments
in which particles with xp ≈ 1 are being studied. Although for
a distribution of particles with random phases z0, the phase
parameter � should average to 〈�〉 ≈ 1, there will be differences
in the value of 〈�〉 for each experimental determination of cavity
loss that contribute to Var(R). We have not attempted to quantify
these contributions further because the outcomes of experimental
measurements presented in section 4 suggest that for ∼102-103

particles lying within the cavity mode for any one measurement
of cavity losses, the resultant contribution to Var(R) is small.
The validity of neglecting the effects of the phase parameter
could, however, be tested further by computer simulation, as
could the possible distortion of ring-down decays from a single-

exponential form resulting from motion of particles along the
cavity mode axis on the time scale of the ring-down measure-
ment.27

3.A.5. Conditions under which the Poisson Statistical
Analysis Applies. The experimental studies presented in this
paper test the use of eq 7 to derive accurate values for the
extinction cross-sections for spherical aerosol particles. The
correct measurement of the variance of the extinction is a key
part of this process; if sequential measurements of Var(R) are
correlated, the model will break down. Likewise, if the
fluctuations in the number of particles do not follow Poisson
statistics, the analysis in section 3.A.1 will be invalid.

If we consider a projection of the particles distributed over a
range of z values into a plane perpendicular to the optical cavity
axis, we can compare the total cross-section of all the particles
to the cross-sectional area of the cavity mode. The ratio of total-
particle to cavity-mode cross-sectional areas is much less than
unity under the conditions of low light extinction employed in
our experiments. If we imagine each aerosol particle occupies
a circular box of diameter 2d (to exclude overlap of two
particles) and consider 700 nm diameter particles, the number
of such boxes that fit into the cross-sectional area of the laser
beam at its narrowest point is ∼5 × 105. If we have ∼500
particles in the beam at one time, only 0.1% of the boxes are
occupied, satisfying the Poisson condition for rare events, and
the probabilities of multiple scattering will be negligibly small.
The application of a Poisson statistical analysis also requires
that the locations of the particles change sufficiently quickly
that sequential measurements of light extinction probe inde-
pendent distributions of particles (i.e., the correlation time is
less than the measurement interval). This point is discussed
further below and will be satisfied if the transit times of the
particles through the cavity mode are less than the time between
measurements.

The principle of projection of all the particles into a plane to
calculate total extinction also served as the basis for our
computer simulations of the measured variances. This projection
is appropriate if the particles scatter light from the cavity in a
way that is taken to be independent of their z coordinate. Such
an assumption is a simplification (see section 3.A.4)27 but should
not have significant consequences for the analysis that follows.
A simulation was developed to compute the extinction per pass,
ε, for each of an ensemble of particles, with due allowance for
the radial position relative to the central axis of a Gaussian
TEM00 mode with beam radius w. As demonstrated by Butler
et al.,26 the single-particle extinction is

and can be converted to an extinction coefficient using R )
ε/Lcav (if, as in our experiments, the particles occupy the entire
region between the cavity mirrors, so l ) Lcav). The simulations
randomly select the coordinates of all particles and then allow
their positions to evolve in 3 dimensions with time through
Brownian motion and gravitational settling. At each time step,
the extinction coefficient of each particle is evaluated using eq
13 and the total extinction coefficient is obtained by summation.
The velocity components along z are included to treat the 3-D
particle motion correctly, but the recalculation of extinctions
neglects any changes to the z coordinate.

During each time step, the particles move in a direction
determined by the resultant of the Brownian and gravitational

Vtot ) 2πw0
2L(1 + 1

12( Lλ
πw0

2)2) (12)

ε ) 2σ
πw2

e
-2r2

w2 (13)
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components. The direction of Brownian motion is randomly
sampled at each time step (δt), and the particles move a distance
determined by the mean-squared value

where D is a diffusion coefficient

Here, η is the viscosity of the surrounding air, k is the Boltzmann
constant, and Cc is a slip correction factor that depends on
particle diameter and accounts for a drag force on the particle
that is smaller than predicted by Stokes’ Law. Values of the
slip correction factor for different particle diameters are tabulated
by Seinfeld and Pandis.40

The drift velocity under gravity and in the presence of friction,
which is described by a coefficient f, is

Figure 2 shows the results of a simulation for 1 µm diameter
particles with a mean Brownian motion speed (per step) of 7.36
× 10-4 cm s-1 and a downward velocity under gravity of 3.64
× 10-3 cm s-1. The simulation is carried out for an intracavity
laser beam that mimics our experimental conditions (with beam
radius w ) 0.45 mm). We note that, with particles undergoing
only Brownian motion and gravitational settling, average transit
times through the beam are on the order of 25 s. The data in
the figure are plotted as calculated Var(R) against 〈R〉 to imitate
the experimental data but employed a time-step interval of 2 s,
together with analysis of 300 separate distributions to obtain
each Var(R) and 〈R〉 value. The increasing scatter in Var(R)
values with 〈R〉 that is observed is a consequence of the Poisson
statistical nature of the system. Under the above conditions, the
fitted gradient (4.34 ( 0.08 × 10-8 cm-1) agrees well with the
expected value of σ/V ) 4.41 × 10-8 cm-1

. If the time-step
value is reduced but the same number of events are analyzed
to obtain a variance, however, the gradient of the plot is also

reduced because the determined variances are smaller. This
result indicates a degree of correlation between the sampled
distributions if the time interval is not sufficiently large. We
will return to this point in the discussion of experimental results.

4. Results and Discussion

4.A. Analysis of Extinction Data for Polystyrene Spheres.
Four samples of polystyrene spheres were separately subjected
to analysis to determine extinction cross sections using the
method outlined in the preceding section, and the results are
compared to expectations from Mie scattering theory. The
samples used will be referred to as 700, 600, 500, and 400 nm
beads; more precisely, the mean diameters and standard devia-
tions (expressed as an uncertainty), as specified by the manu-
facturer, were 707 ( 8.5, 596 ( 7.7, 499 ( 6.5, and 404 ( 5.9
nm. Aqueous solutions of each PSS sample were nebulized,
dried, and passed into the ring-down cavity chamber, and the
extinction was measured while the number density varied over time.
Values of 〈R〉 and Var(R) were obtained from the rapid
measurement of 500 ring-down events at each number density,
and examples of the resultant data are plotted in Figure 3 for
the 700 nm beads. An extinction coefficient R ) 1.0 × 10-6

cm-1 corresponds to ∼125 of the 700 nm PSSs in the intracavity
laser volume; the equivalent numbers for 600, 500, and 400
nm diameter beads required to produce this extinction coefficient
are, respectively, 290, 770, and 2600 particles.

Figure 2. Simulated plot of Var(R) against 〈R〉 for 1 µm diameter
PSS particles. The equation of the fitted line is Var(R) ) 4.38 × 10-8

〈R〉 .

〈(δr)2〉 ) 2Dδt (14)

D )
kTCc

3πηd
(15)

Vgrav )
mpg

f
)

mpgCc

3πηd
(16)

Figure 3. (a) Plot of Var(R) against 〈R〉 for 700 nm PSS particles. (b)
Expanded plot of the data for mean extinctions in the range up to 〈R〉
) 1.8 × 10-6 cm-1. The analysis of the fitted straight line is discussed
in the text.
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The experimental results show a relationship between Var(R)
and 〈R〉 that deviates from linearity for extinction coefficients
greater than ∼2 × 10-6 cm-1. This nonlinearity is a consequence
of aspects of the experimental method such as the uncertainty
arising from fits to experimental ring-down decays (particularly
for small values of the ring-down time) and is discussed in detail
later. Figure 3 also demonstrates that for small values of the
extinction coefficient (〈R〉 < 1.8 × 10-6 cm-1) the relationship
between Var(R) and 〈R〉 appears linear, and the extinction cross-
section per particle can be deduced. A linear fit to the data, in
which the intercept was constrained to the background noise
level and the gradient was floated, gives Var(R) ) 7.04 ×
10-9〈R〉 + 2.00 × 10-16 with an uncertainty in the gradient of
1.3 × 10-10 cm-1. Analysis of the gradient gives an extinction
cross-section value of σexp ) (2.63 ( 0.05) × 10-9 cm2. The
calculation of this value employed an intracavity volume for
the laser beam of V ) 0.374 cm3 (see section 3.A.3), which
takes into account the partial focusing of the beam (eq 12). As
noted earlier, in using this value of V in the analysis, we assume
that the folded cavity used in the experiments behaves like a
pair of linear cavities, with negligible overlap volume, and that
the statistical formulation of eq 7 can be applied to a cavity
mode that is not fully cylindrical with uniform radius.

Figure 4 shows equivalent plots of Var(R) against 〈R〉 for
the 500 and 400 nm diameter PSSs. Again, deviations from
linearity are observed at higher extinction coefficient values and
will be discussed later, but fits to the regions corresponding to

low cavity losses were used to derive extinction cross-section
values. Quadratic functions were employed to describe the data
sets, with the intercept, linear, and quadratic fit parameters
floated. Table 1 summarizes the experimental extinction cross-
sections obtained for the these and the 700 nm sets of particles
at a wavelength of 1650 nm, together with the uncertainties
derived from the fits, and compares the experimental results
with values obtained from Mie scattering calculations (σcalc)
using MiePlot v3.4.16 software.41

The data shown in Figure 5 were obtained for 600 nm
particles and illustrate a potential pitfall of the method for
determination of extinction cross-sections from Var(R) data. The
equation of the best fit line to the data is Var(R) ) 1.89 ×
10-9〈R〉 + 6.80 × 10-16, giving an intercept that is consistent
with expectations for Rmin for our apparatus but a gradient that
is a factor of ∼2 smaller than the expected value of σ/V ) 3.3
× 10-9 cm-1. Monte-Carlo simulations of the type described
in section 3.A.5 were carried out for this size of particle using
an acquisition rate of 1 kHz but with particle speeds set to be
500 times faster than their calculated values based on Brownian
motion and gravitational settling. Analysis of the simulated data
in the form of a plot of Var(R) against 〈R〉 gave a gradient of
1.8 × 10-9 cm-1, which is in good agreement with the
experimentally determined value. Increasing the particle speeds
by a further factor of 4 in the simulations further increased the
computed variances and gave a gradient in quantitative agree-
ment with the expected value of σ/V (both are 3.3 × 10-9 cm-1).
We thus deduce that under our experimental conditions, the
particles are moving much more quickly than predicted solely
on the basis of Brownian motion and gravitational settling. These
greater speeds are a necessary component of the experiments
to ensure that sequential measurements of the optical extinction
are not correlated (i.e., the distribution of particles must be
completely refreshed between each measurement by motion into
and out of the TEM00 mode volume). It appears that the data
obtained for the 400, 500, and 700 nm diameter particles were
close to this condition of uncorrelated measurements but that
the 600 nm PSS data (taken at a time interval of several weeks
after the other data sets) had some residual correlation between
measurements, resulting in systematically low Var(R) data. The
cause of faster motions of the particles than calculated by
Brownian motion and gravitational settling might be residual
motion of air in the chamber caused by introduction of the
aerosol samples or convection currents. An adaptation to the
experiment to incorporate fluorescence imaging of the motions
of single particles is planned to explore this issue further.

4.B. Additional Sources of Variance in the Experimental
Data. The data plotted in Figures 3 and 4 exhibit the expected
linear relationship between Var(R) and 〈R〉 for low values of
〈R〉 , but one or more additional sources of variance become

Figure 4. Plots of Var(R) against 〈R〉 for (a) 500 nm PSS particles
(the equation of the fitted line is Var(R) ) 0.0016〈R〉2 + 1.2 × 10-9〈R〉
+ 7.7 × 10-16) and (b) 400 nm PSS particles (the fitted line gives
Var(R) ) 0.0043〈R〉2 + 4.1 × 10-10〈R〉 + 1.9 × 10-15).

TABLE 1: Comparison of Experimentally Determined and
Calculated Extinction Cross-sections for the Samples of
400-700 nm Diameter Polystyrene Spheres

particle
diameter/nm size parameter σexp/10-9 cm2a σcalc/10-9 cm2

fractional
difference

707 ( 8.5 1.35 ( 0.01 2.63 ( 0.05 2.97 ( 0.18 14%
596 ( 7.7 1.13 ( 0.01 0.71 ( 0.05 1.27 ( 0.09 79%b

499 ( 6.5 0.95 ( 0.01 0.45 ( 0.12 0.485 ( 0.036 8%
404 ( 5.9 0.77 ( 0.01 0.15 ( 0.07 0.146 ( 0.013 3%

a Uncertainties are those derived from the linear terms in the fits.
Results for 404 and 499 nm diameter beads were derived from the
linear coefficients in the quadratic fits to the data shown in Figure 4
and thus have larger fractional uncertainties. b Reasons for the large
discrepancy with this data set are discussed in the main text.
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pronounced at higher extinctions (corresponding to higher
number densities of particles in the ring-down cavity). We first
consider the additional variance that is introduced from the
analysis of experimental ring-down decays. The data analysis
program used a fast Fourier transform (FFT) fitting method37

to derive ring-down rate coefficients (k); this method was chosen
because it is sufficiently fast to cope with the high repetition
rates of the experiment. Huang and Lehmann42 showed that the
variance in the extinction coefficient resulting from the FFT
fitting method is

where ∆t is the time interval between points in the exponential
decay (determined by the digitization rate of the data acquisition
equipment), Np is the number of points analyzed in the decay,
ω ) 2π/Np∆t is the frequency component of the discrete Fourier
transform used to extract a ring-down rate constant, c is the
speed of light, A is the amplitude of the decay trace, and σA is
the noise level on the exponential decay. This amplitude noise
is mostly introduced from the detector and signal processing
electronics. Typical values of the various parameters of eq 17
for our experimental conditions are ∆t ) 4.0 × 10-8 s, Np )
1000, k ) 1.25 × 105 s-1, ω ) 1.57 × 105 s-1, and A/σA ≈
1200 (for the amplitude at the start of the ring-down decay).

The variance resulting from the ring-down decay fits can be
calculated straightforwardly as a function of R if we assume
that the noise level remains constant (i.e., a detector-noise-
limited rather than a shot-noise-limited regime). There are two
experimental reasons why the signal-to-noise ratio (SNR) varies
with 〈R〉 , however, that are specific to the way our OF-CRDS
experiments are conducted and require further consideration to
account for greater contribution to Var(R) from the fitting
method at high values of 〈R〉. First, as R increases, the maximum
build-up of light in the cavity (and thus the transmission
intensity, which determines the value of A) decreases as a result
of the greater cavity losses and associated reduction in the cavity
finesse. This general effect has been quantified by Morville et
al.34 Second, the fits to individual ring-down decays exclude

the first 8 µs because this early region does not fit well to a
single-exponential function: the slow response of the diode laser
current controller contributes a non-negligible delay to the
switch-off of the light from the laser at the end of each voltage
pulse. The amplitude of the decay in the region that is fitted is
thus a factor of ∼2 lower than the maximum amplitude of the
decay trace, serving to decrease the overall A/σA ratio.

The various contributions to Var(R) arising from the CRD
fitting procedure can be numerically simulated. Morville et al.34

demonstrated that the intensity transmission function for a
symmetric V-shaped optical cavity tuned into resonance with
the incident laser beam and containing a sample that causes
extinction is

Here we assumed negligible losses of light within the cavity
mirrors and in coupling of the injected light to the TEM00 mode,
so that R ) 1 - T, where T is the mirror transmission. The
effect of starting the fit at a given time delay after initiation of
a ring-down event can be accounted for by scaling the amplitude
by a factor deduced from an exponential decay with time
constant k ) 1/τ. These corrections were incorporated into eq
17 and the values of VarFFT(R) evaluated for various 〈R〉 values
representative of our experiments. The results of these simula-
tions are shown in Figure 6 for 400 nm PSSs and account
satisfactorily for the curvature of the data sets plotted in Figures
4 and 6.

Introduction of variance from the analysis of the ring-down
decays at high extinctions is not simply a consequence of our
choice of the FFT fitting method. Weighted least-squares fitting
is also commonly used in analysis of CRD events to obtain
ring-down rate coefficients and times. Lehmann and Huang42

showed that, when working in the detector-noise limit, the
weighted least-squares fitting method introduces a variance

Figure 5. Plot of Var(R) against 〈R〉 for 600 nm diameter PSS particles.
The equation of the fitted line is Var(R) ) 1.89 × 10-9〈R〉 + 6.80 ×
10-16.

VarFFT(R) )
∆t2(k2 + ω2)3Np

2ω2c2 (σA

A )2

(17)

Figure 6. Comparison of the experimental data (b) for 400 nm PSS
particles (from Figure 4b) with simulated data (O) obtained by
combining contributions to Var(R) from the statistical fluctuations in
particle numbers (in accord with eq 7), extinction-dependent reduction
in cavity finesse (eq 18), and fitting of ring-down decays with an initial
signal-to-noise ratio of 600 (eq 17), modified by the effect of neglecting
the first 8 µs of the exponential decay.

I(R) ) I(R ) 0)(2(1 - R)exp[-RL/2]

1 - R2exp[-2RL] )2
(18)
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where 
 is the excess noise over the ideal limit and PN is the
intrinsic detector noise. The excess noise is related to the
response time of the detector and the time interval between
points; a representative value for our experimental conditions
is 
 ≈ 1.6. Our simulations demonstrate that the additional
variances introduced by the FFT and weighted least-squares
fitting methods are comparable. The Levenberg-Marquardt
method of fitting ring-down decays might reduce the variance
from the fits but is not practical for our experiments because of
its much slower computational speed.

The data shown in Figure 3a for 700 nm PSS particles exhibit
Var(R) values that are much higher than can be explained in
terms of the fluctuations in particle numbers and the fitting
procedures for the ring-down decays. We speculate that the
additional variance is caused by adhesion of particles to form
dimers and perhaps also larger aggregates. To test this hypoth-
esis, we carried out simulations of the experimental data in
which we included 0-10% of spherical particles of diameter
1.4 µm. The simulations account successfully for the observed
behavior if we allow the fraction of larger particles to increase
as the total number of particles increases (i.e., as 〈R〉 becomes
larger); the values used for the simulated data in Figure 7 are
summarized in the figure caption.

5. Conclusions

OF-CRDS has been used to measure the extinction caused
by multiple, nearly monodisperse aerosol particles, and a
statistical model has been developed to determine the extinction
cross-section per particle without requirement of knowledge of
the number density of particles in the sample.

The extinction cross-section per particle is determined by
plotting the variances of the extinction coefficient against the
mean values from experimental determinations and requires
knowledge of the volume of the mode of the high-finesse optical
cavity. For a TEM00 mode, this volume can be calculated
straightforwardly. The relationship between Var(R) and 〈R〉
deviates from linearity for extinction coefficients greater than
∼1 × 10-6 cm-1 for our experimental conditions because of
additional variance introduced by the fitting of exponential ring-
down decays to extract ring-down rate coefficients. For smaller
values of the extinction coefficient, the variance is dominated
by fluctuations in the number of particles within the intracavity
mode beam volume, and analysis using Poisson statistics enables
determination of extinction cross-section values that agree well
with the results of Mie theory calculations. The measurements
must, however, be of uncorrelated distributions of the particles
within the cavity or the values for Var(R), and thus, the
extinction cross-sections are significantly underestimated. If
Brownian motion and gravitational settling of the particles
determine their speeds, the measurements must be made at low
(<1 Hz) repetition rates to ensure the correct statistical behavior.
Air currents in the sample resulting from convection or enforced
air flow serve to refresh the distributions more rapidly and enable
data accumulation rates at ∼1 kHz frequencies.

Developments of the experimental method are underway that
aim to improve the precision and accuracy of the σexp values
and which are guided by computer simulations. The experi-

mental results suggest that the method can be used to measure
optical properties of aerosol samples of unknown composition,
as long as a narrow range of sizes of particles is first selected,
for example, using a differential mobility analyzer. Scanning
the output sizes using the DMA should then provide extinction
efficiencies as a function of particle diameters, which in turn
provide information on the real and imaginary components of
the refractive indices and the compositions of the particles. The
analysis is, so far, restricted to spherical particles; whether
quantitative information can be extracted from nonspherical
particles remains to be established.
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